UNIT –III
SIGNAL SPACE ANALYSIS

INTRODUCTION
space analysis provides a mathematically elegant and highly insightful tool for the study
of digital signal transmission. Signal space analysis permits a general geometric
framework for the interpretation of digital signaling that includes both baseband and
bandpass signaling schemes. Furthermore, it provides an intuitive insight into the error
performance and spectral efficiency characteristics of the various digital signaling
schemes. Before introducing the Signal Space analysis technique, a brief review of digital
transmission is necessary.
The transmitter takes the message source output mi and codes it into a distinct signal
si(t) suitable for transmission over the communications channel. The transmission
channel is perturbed by zero-mean additive white Gaussian noise (AWGN).
The AWGN channel is one of the simplest mathematical models for various physical
communications channels.
The received signal r(t) is given by

r(t) = si(t) + n(t)
for 0< t < T
The receiver has the task of observing the received signal r(t) for a duration of T
seconds and making the best estimate of the transmitted signal si(t). However, owing to
the presence of channel noise, the decision making process is statistical in nature with
the result that the receiver will make occasional errors.
The key to analyzing and understanding the performance of digital transmission is the
realization that signals used in communications can be expressed and visualized
graphically. Thus, we need to understand signal space concepts as applied to digital
communications. Two entirely different signal sets can have the same geometric
representation.The underlying geometry will determine the performance and the
receiver structure.

GRAM SCHMITT ORTHOGONALIZATION (GSO) PROCEDURE
Suppose we are given a signal set

Find the orthogonal basis functions for this signal set

Step 1: Construct the First Basis Function
Compute the energy in signal 1:

The first basis function is just a normalized version of s1(t)

Step 2: Construct the Second Basis Function

Compute correlation between signal 2 and basic function 1

Subtract off the correlation portion

Compute the energy in the remaining Portion

Normalize the remaining portion

Step 3: Construct Successive Basis Functions

Forsignal

, compute

Energy of k-th basis function:

:

In general

SUMMARY OF GSO PROCEDURE
1stbasis function is normalized version of the first signal Successive basis functions
are found by removing portions of signals that are correlated to previous basis functions and
normalizing the result. This procedure is repeated until all basis functions are found. If , no
new basis functions is added. The order in which signals are considered is arbitrary.
A signal set may have many different sets of basis functions. A change of basis
functions is essentially a rotation of the signal points around the origin. The order in which
signals are used in the GSO procedure affects the resulting basis functions. The choice of
basis functions does not affect the performance of the modulation scheme.

GEOMETRIC REPRENSENTATION OF SIGNALS
Let be
n signals
Consider a signal x(t) and suppose that

If every signal can be written as above ⇒

basis functions:

where N ≤ M is thedimensionof the signal space and are called the orthonormal basis
functions

CONVERSION OF CONTINUOUS AWGN CHANNEL INTO VECTOR CHANNEL

Perhaps the most important, and certainly the most analyzed, digital communication
channel is the AWGN channel shown in Figure.This channel passes the sum of the modulated
signal x(t) and an uncorrelated Gaussian noise n(t) to the output. The Gaussian noise is
assumed to be uncorrelated with itself (or “white”) for any non-zero time offset τ , that is

and zero mean, E[n(t)] = 0. With these definitions, the Gaussian noise is also strict sense
stationary). The analysis of the AWGN channel is a foundation for the analysis of more
complicated channel models in later chapters.

The assumption of white Gaussian noise is valid in the very common situation where the
noise is predominantly determined by front-end analog receiver thermal noise.

In the absence of additive noise in Figure y(t) = x(t), and the demodulation process would
exactly recover the transmitted signal. This section shows that for the AWGN channel, this
demodulation process provides sufficient information to determine optimally the transmitted signal. The resulting components
i, l = 1, ..., N comprise a vector channel
0
output, y = [y1 , ..., yN ] that is equivalent for detection purposes to y(t). The analysis can
thus convert the continuous channel y(t) = x(t) + n(t) to a discrete vector channel model,

y=x+n ,

where n = [n1 n2 ... nN ] and nl = hn(t), ϕl(t)i. The vector channel output is the sum of the
vector equivalent of the modulated signal and the vector equivalent of the demodulated
noise. Nevertheless, the exact noise sample function may not be reconstructed from n,
There may exist a component of n(t) that is orthogonal to the space spanned by the basis
functions {ϕ1(t) ... ϕN (t)}. This unrepresented noise component is

n˜(t) = n(t) − nˆ(t) = y(t) − yˆ(t) .
The development of the MAP detector could have replaced y by y(t) everywhere and the
development would have proceeded identically with the tacit inclusion of the time variable t
in the probability densities (and also assuming stationarity of y(t) as a random process). The
Theorem of Irrelevance would hold with [y1 y2] replaced by [ˆy(t) ˜n(s)], as long as the
relation holds for any pair of time instants t and s. In a non-mathematical sense, the
unrepresented noise is useless to the receiver, so there is nothing of value lost in the vector
demodulator, even though some of the channel output noise is not represented.

The following algebra demonstrates that ˜n(s) is irrelevant:
First,

Coherent Detection (of A Known Deterministic Signal) in Independent,
Identically Distributed (I.I.D.) of signals in noise

CORRELATION RECEIVER
The requirement for a large number of velocity channels has favored the use of crosscorrelation receivers. The principle on which the cross-correlation receiver operates is that,
for two random time-varying signals, V1(t) and V2(t), the cross-correlation function

is the Fourier transform of the visibility spectrum V1( ) V2( ) of the two signals. Here the
signals V1(t) and V2(t) are the voltages from the two telescopes forming the interferometer,
and V1( ) V2( ) is the cross-correlated spectrum at an angular frequency . The crosscorrelation function is sampled over a range of delays ± T, ± 2 T, . . . to a maximum delay
± T sec, and the visibility spectrum is obtained as the Fourier transform of the sampled crosscorrelation function.
The maximum delay T determines the resolution of the synthesized frequency channel,
1/2T Hz, and the sampling interval AT produces a grating response in frequency at an
interval 1/2 T. The exact shape of the equivalent frequency filter is the Fourier transform of
the weighting applied to the cross-correlation function. If the latter is transformed with
equal weight applied to each delay, then the equivalent frequency filters have a (sin )
/ response, with a half-width of 1.2 / 2T Hz and 22% side lobes. Both positive and negative
delays must be sampled to determine the amplitude and phase of the interferometer, and
the correlation receiver is equivalent to a bank of T / T adjacent frequency filters at
intervals of 1 / T Hz.
The cross-correlation may be achieved in practice either in an analogue device using physical
delay steps or in a digital correlator. In the latter, simplified logic results if one-bit sampling
of the correlation function is employed (so that only the sign of the sampled correlation
function is recorded). This results in some loss in signal-to-noise ratio, but the visibility
spectrum may be fully restored (Weinreb, 1963) through the Van Flyck correction. While
increasing the complexity of the data processing, as an extra Fourier transform must be
computed, the correlation receiver has a number of advantages over a conventional filter
bank receiver in that the relative sensitivity of the frequency channels is easily calibrated. A
digital correlator has good stability essential for a good synthesis, and the additional

advantage that the bandwidth can be changed by simply changing the clock rate which
determines the sampling interval.

Correlation Demodulator
•

Consider each demodulator output

•

Noise components
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EQIVALANCE OF CORRELATION N MATCHED FILTER RECEIVER

•

Use filters whose impulse response is the orthonormal basis of signal

•

Can show this is exactly equivalent to the
correlation demodulator

•

We find that this Demodulator Maximizes the SNR

•

Essentially show that any other function than f1() decreases SNR as is not as well
correlated to components of r(t)

PROBABILITY OF ERROR IN TRANSMISSION
In a binary PCM system, binary digits may be represented by two pulse levels. If these levels
are chosen to be 0 and A, the signal is termed an on-off binary signal. If the level switches
between A=2 and A=2 it is called a polar binary signal.
Suppose we are transmitting digital information, and decide to do this using two-level
pulses each with period T :

A

t
0
0

T

The binary digit 0 is represented by a signal of level 0 for the duration T of the transmission,
and the digit 1 is represented by the signal level At .
In what follows we do not consider modulating the signal — it is transmitted at baseband. In
the event of a noisy Gaussian channel (with high bandwidth) the signal at the receiver may
look as follows:

A
0
0

T

Here the binary levels at the receiver are nominally 0 (signal absent) and A (signal present)
upon receipt of a 0 or 1 digit respectively.
The function of a receiver is to distinguish the digit 0 from the digit 1. The most
important performance characteristic of the receiver is the probability that an error will
be made in such a determination.
Consider the received signal waveform for the bit transmitted between time 0 and time T .
Due to the presence of noise the actual waveform y.t/ at the receiver is
y(t) = f (t) + n(t),
where f (t) is the ideal noise-free signal. In the case described the signal f (t) is
f (t) = 0 symbol 0 transmitted (signal absent)
1 symbol 1 transmitted (signal present).
In what follows, it is assumed that the transmitter and the receiver are synchronised, so
the receiver has perfect knowledge of the arrival times of sequences of pulses. The
means of achieving this synchronisation is not considered here. This means that
without loss of generality we can always assume that the bit to be received lies in the
interval 0 to T .

SIGNAL CONSTELLATION DIAGRAMS

A graphical representation of the complex envelope of each possible signal. The x-axis
represents the in-phase component and the y-axis represents the quadrature
component of the complex envelope. The distance between signals on a constellation
diagram relates to how different the modulation waveforms are and how well a
receiver can differentiate between them when random noise is present.

Two key performance measures of a modulation scheme are power
efficiency and bandwidth efficiency .

Power efficiency is a measure of how favorably the tradeoff between fidelity
and signal power is made, and is expressed as the ratio of the signal energy
per bit (Eb) to the noise PSD (N0) required to achieve a given probability of
error (say 10−5):

Bandwidth efficiency describes the ability of a modulation scheme to accommodate data
within a limited bandwidth, In general, it is defined as the ratio of the data bit rate R to the
required RF bandwidth B:
Channel capacity gives an upper bound of achievable bandwidth efficiency:

ηB max = C/B = log 2 (1 + NS )
A constellation diagram is a representation of a signal modulated by a
digital modulation scheme such as quadrature amplitude modulation or phase-shift keying.
It displays the signal as a two-dimensional X-Y plane scatter diagram in the complex
plane at symbol sampling instants. In a more abstract sense, it represents the possible
symbols that may be selected by a given modulation scheme as points in the complex plane.
Measured constellation diagrams can be used to recognize the type of interference and
distortion in a signal.

A constellation diagram for Gray encoded 8-PSK.
By representing a transmitted symbol as a complex number and modulating
a cosine and sine carrier signal with the real and imaginary parts (respectively), the symbol
can be sent with two carriers on the same frequency. They are often referred to
as quadrature carriers. A coherent detectoris able to independently demodulate these
carriers. This principle of using two independently modulated carriers is the foundation
of quadrature modulation. In pure phase modulation, the phase of the modulating symbol is
the phase of the carrier itself and this is the best representation of the modulated signal.
As the symbols are represented as complex numbers, they can be visualized as points on the
complex plane. The real and imaginary axes are often called the in phase, or I-axis, and
the quadrature, or Q-axis, respectively. Plotting several symbols in a scatter diagram
produces the constellation diagram. The points on a constellation diagram are
called constellation points. They are a set of modulation symbols which compose
the modulation alphabet.
Also a diagram of the ideal positions, signal space diagram, in a modulation scheme can be
called a constellation diagram. In this sense the constellation is not a scatter diagram but a
representation of the scheme itself. The example shown here is for 8-PSK, which has also
been given aGray coded bit assignment.

